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ABSTRACT: Several studies of melt rheological properties
of polystyrene have been conducted over the past 50 years.
Several approaches, including empirical models, have been
developed to understand the behavior of materials using
simple equations. The existing melt rheology models are best
suited for high-molecular-weight polymers whose Tg does
not vary. In this work, a semiempirical viscosity equation has
been derived, including the effect of Tg dependence on mo-
lecular weight, to describe the melt rheology of low-molecu-
lar-weight polymers. The equation is derived based on a
combination of well-known concepts, such as the effects of
free volume and molecular dynamics on polymer rheology.
This provides a better understanding of the rheological

behavior in the low-molecular-weight regime with respect to
temperature and molecular weight. Because of the industrial
trend towards lower molecular weight materials for applica-
tions such as high solids coatings, this unifying approach,
based on the free volume theory with a simple expression, is
of extreme practical significance. This equation can predict
the zero shear viscosity behavior for different molecular
weights, including low-molecular-weight regions, and tem-
peratures. Viscosity calculations using the empirical equa-
tion agree with published experimental data. � 2006 Wiley
Periodicals, Inc. J Appl Polym Sci 103: 2597–2607, 2007
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INTRODUCTION

The viscosity behavior of linear polymers has been
studied extensively. Several empirical and semiempir-
ical models and approaches have been suggested.1

The effects of molecular weight (MW) and tempera-
ture on rheological behavior have been the main focus
of most studies. The theory is well developed for the
MW dependence of melt viscosity in isothermal mea-
surements for high-MW polymers, while major devia-
tions have been observed for low-MW polymers.2–9

Increased industrial attention to low-molecular-
weight resins, for applications such as high solids
coatings, pigment dispersants, printing inks, etc., is
starting to gradually shift the attention of researchers
to the behavior of low-MW polymers.10,11

For polymers with sufficiently high MW, a loga-
rithmic plot of the melt viscosity versus molecular
weight universally exhibits a slope of 1.0 up to a cer-
tain critical MW, Mc, then a slope of � 3.4 above Mc.
In contrast, for low-molecular-weight polymers, iso-
thermal measurements below Mc reflect a curvature
that only approaches unity as Mc is approached.2,3

This behavior is a result of the dependence of the
glass transition temperature (Tg; or more fundamen-
tally ‘‘fractional free volume’’) on MW, an effect that

is magnified at low MW because of the increased
sensitivity of Tg to MW for these materials. Thus,
not only the MW dependence, but also the free vol-
ume contribution, should be clarified to develop the
complete picture of the melt viscosity behavior over
wide ranges of MW and temperature.

Fortunately, different theories have already been
developed and applied to describe the effect of various
separate characteristics on the polymer physical prop-
erties.2,12–15 In this article, an attempt is made to de-
velop a unified approach, based on the free volume
theory, which is significantly correlated with the Tg

and viscosity behaviors, to predict zero shear melt vis-
cosity over wide ranges ofMW and temperature.

One major contribution of MW dependence to the
observed deviations for low-MW polymers is related
to Tg. The glass transition temperature, Tg(M), is a
strong function of M, molecular weight, especially
when M < Mc, since the ‘‘excess free volume’’ of the
chain ends plays a major role at very low MWs.16 As a
result, for low-MW polymers, the viscosity has to be
compared at the ‘‘normalized’’ temperature (T � Tg)
and not just the same T. This normalization ensures a
comparison at ‘‘isofree volume’’ conditions and allows
the decoupling of free volume effects fromMWeffects.

Another contribution of the dependence to MW in
a unifying approach can be illustrated by two
expressions: (i) the Rouse model and (ii) the Repta-
tion model.3,17 The viscoelastic properties of low-
MW polymers and the transition to the entangled re-
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gime have been investigated using these different
models. The crossover region between the unen-
tangled and entangled regimes is located at the criti-
cal molecular weight, Mc.

3,17

In general, because of significant free volume
change in the low-MW region, isofree volume condi-
tions should be ensured. As mentioned previously,
for isothermal measurement in the low-MW region,
the slope of melt viscosity versus MW is not constant.
To explain that qualitatively and quantitatively, free
volume theory can be utilized to determine a simple
semiempirical equation that adequately describes the
viscosity behavior of polymers. In this sense, Colby
et al.2 have already suggested that the viscosity of
polymer liquids can be represented as the product of
a structural factor, F, and a friction coefficient, z, as in

Zo ¼ FðMÞzðf ðTÞÞ (1)

The structural factor for linear polymers depends on
chain length (or MW) but is insensitive to tempera-
ture.2,18–20 The friction coefficient, on the other hand,
reflects the local dynamics and governs the tempera-
ture dependence of viscosity.2,18–21 The friction coeffi-
cient can be related to the concentration of chain ends
(or fractional free volume), which follows the Tg behav-
ior, the effect of which diminishes with increasing
MW. As a result, the temperature dependence of vis-
cosity is only correlated to the temperature depend-
ence of fractional free volume which can be described
using WLF (Williams-Landel-Ferry) type approach in
details.

In what follows, we review the previously devel-
oped background theories, then demonstrate how
these can be integrated to yield a unified approach
capable of describing viscosity behavior over the
wide MW and temperature ranges.

Theoretical development

Free volume theory and glass transition

Many of the properties of liquids reflect the presence
of a substantial proportion of free volume, which may
be present as holes on the order of molecular dimen-
sions or smaller voids associated with packing irregu-
larities.22 This free volume is distributed at random
within the amorphous phase and there is a contribu-
tion to the entropy from this randomness,23–31 which
is not present in the entropy of a crystalline phase.
The appearance of holes lowers the density of the
amorphous polymer by about 10% as compared to the
crystalline state of the same material.26,27 The free vol-
ume associated with chain ends is generally greater
than that associated with the chain backbone because
of imperfect packing at the chain ends. Thus the de-
pendence of Tg on MW diminishes at high molecular

weight, as the concentration of chain ends becomes
negligible. On the other hand, free volume increases
with temperature as a result of thermal expansion.
This can be expressed by the empirical correla-
tion22,32,33

f ¼ fg þ af ðT � TgÞ (2)

which relates the fractional free volume (f) to tempera-
ture, where fg is the fractional free volume at Tg, and
af the expansion coefficient of the polymer. Addition-
ally, at any particular temperature, the dependence
of free volume on chain end concentration, which
for linear polymers is strictly proportional to MW, can
be expressed according to the following empirical cor-
relation22,32–36:

fM ¼ f1 þ 2K

Mn
(3)

where fM and f1 are the fractional free volumes for a
molecular weight, M, and infinitely large molecular
weight, respectively, K is constant, andMn is the num-
ber–average molecular weight (Mn). The dependence
of fM and f1 on temperature, according to eq. (2), are
expressed as

fM ¼ fg þ af ðT � TgMÞ (4)

f1 ¼ fg þ af ðT � Tg1Þ (5)

Inserting these expressions into eq. (3) and rearrang-
ing yields an expression correlating Tg to MW.

TgM ¼ Tg1 � 2K

af

1

Mn
(6)

This equation has been shown to work well for nar-
row linear polymers.22,32,33 In eq. (6), TgM and Tg1
are the glass transition temperatures at a MW, M,
and for ‘‘infinite’’ molecular weight. As shown here
as well as previously, free volume, and consequently
Tg, are strongly dependent on the Mn.

Viscosity and free volume

The relationship between viscosity and free volume is
generally expressed by the Doolittle equation and the
WLF equation. The Doolittle equation is given by

lnZ ¼ Aþ b

f
(7)

where A and b are assumed constants. The WLF
(Williams-Landel-Ferry) equation is an analytical rela-
tionship between polymer melt viscosity and free vol-
ume,37 derived from the Doolittle equation.38–41
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ln
Z
Zg

 !
¼ � ðb=fgÞðT � TgÞ

fg=af þ ðT � TgÞ (8)

Where b ¼ constant, Z ¼ viscosity, Zg ¼ viscosity at
Tg, af ¼ thermal expansion coefficient, and fg ¼ the
fractional free volume at Tg, the parameters of eq. (8),
as used by WLF,37 are based on experimental observa-
tions found in the literature. They assigned a value of
unity for the parameter ‘‘b’’, consistent with the vis-
cosity data of Doolittle, and a universal value for fg.
This finding is significant in that it implies that the
value of the free volume at Tg of any polymer is 2.5%.
It must be emphasized that the validity of the WLF
equation is reported to be in the range Tg to Tg þ 100
(8C).22,32,33,37

Despite their success in describing the viscosity
behavior of various polymeric materials, the Doolit-
tle and the WLF equations have some limitations. It
should be noted that these approaches have been
examined only with assumptions of no MW depend-
ence (in the Doolittle equation) and a constant value
of viscosity at Tg (in the WLF equation). Since the
Doolittle equation is empirical and mainly developed
for small chain and simple liquids, it does not
include the MW dependence effect. It was rather
developed to reflect only the temperature effect on
viscosity. This results in a considerable limitation for
general application to polymeric materials. The sec-
ond limitation is the necessity to know the viscosity
at Tg in the WLF equation before it can be applied.
The WLF equation can be utilized to calculate the
viscosity at different temperatures, if the viscosity at
Tg, which depends on MW, is evaluated correctly.
The dependence of the viscosity at Tg is explored
later in this article. First, we should also note that a
generalized expression for free volume dependence
on both MW and temperature can be obtained by
combining eqs. (3) and (5). The resulting equation,
eq. (9), is essential to the development of the unified
approach described in this article, as shown later.

f ðMn;TÞ ¼ fg þ af ðT � Tg1Þ þ 2K

Mn
(9)

Thus, the WLF equation can be modified to include
the MW dependence given by eq. (9). Combining the
Doolittle equation with the free volume expression in
eq. (9) leads to the modified WLF equation given by

ln
Z
Zg

 !
¼ �

ðbfgÞðT � Tg1Þ þ ðbfgÞð 2K
afMn

Þ
fg
af
þ ðT � Tg1Þ þ 2K

af Mn

(10)

This equation is essentially the same as the original
WLF equation with the exception that it incorporates
the effect of MW on free volume and consequently
Tg. In general, this modified equation is only impor-

tant for polymers of low to intermediate MWs. This
is a direct result of the Tg behavior versus MW, as it
reaches a plateau value of Tg1 at sufficiently large
MW, when chain end effects cease to be significant.
One should note that, when eq. (10) is considered in
the limit of ‘‘infinite’’ MW, it reduces to the original
WLF equation in a manner consistent with these
arguments.

Development of a unified equation
for melt viscosity

As stated earlier, the objective of this article is to de-
velop an approach that can reconcile a number of lit-
erature observations3–9 that have been previously
classified as deviations from the traditional theory.
The MW contribution to free volume is correlated to
Mn, while the MW effect on viscosity is usually rep-
resented by the weight–average molecular weight
(Mw). It is generally observed by theories that the de-
pendence of viscosity on the Mw follows a power
law representation as given by

Z ¼ K0Ma
w (11)

which can also be represented in logarithmic form as

lnZ ¼ lnK0 þ a lnMw (12)

It is further observed that melt viscosity data, when
plotted according to eq. (12), exhibit two distinct
regions in which the values of the slope ‘‘a’’ are vastly
different and distinct. According to the theories, at
MWs below the critical molecular weight, Mc, where
polymer chains are unentangled, this slope is equal to
1.0; while, above Mc, where entanglements dominate,
the slope changes to 3.4. A thorough analysis of all
measurements that conform to this observed behavior
shows that they all involve polymers of MWs suffi-
ciently high that their Tg’s are virtually constant at
their plateau values (Tg1). Under such conditions,
only temperature affects the MW dependence of vis-
cosity. As a result, isothermal measurement has
become the acceptable methodology for determina-
tion of melt viscosity of traditional polymers.

Recently, increased attention has been given to low-
MW polymers and oligomers, as these find more and
more applications, for example, as adhesives and
plasticizers. For this class of polymers, a strong de-
pendence of free volume (and Tg) on MW causes devi-
ations from eq. (12), when melt viscosity measure-
ments are taken isothermally. The correct approach
would be to either impose isofree volume conditions
(i.e., same Tg) on the measurements, or develop
alternate equations that incorporate the effect of Tg

variation. This is achieved here by combining the
approaches presented thus far.
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A comparison of the Doolittle equation, eq. (7),
and eq. (12) shows that neither A nor K0 is a ‘‘con-
stant.’’ In actuality, A should include all dependence
on MW, while K0 includes temperature (and hence
free volume) dependence. Thus the combination of
these two equations leads to the more generalized
viscosity expression:

lnZ ¼ A0 þ a lnMw þ b

f
(13)

where

A ¼ A0 þ a lnMw ¼ AðMwÞ (14)

and

lnK0 ¼ ln
Z

Mw
a

� �
¼ A0 þ b

f
(15)

In addition, it should be noted that K0 also depends
on MW, because fractional free volume (f) is also a
function of temperature and MW. However, if the
MW is high enough, its contribution to the viscosity
is negligible when T > Tg, and the fractional free
volume might be a function of temperature alone,
thus eliminating that contribution to K0.

K0ðf ðT;MnÞÞ ¼ K0ðf ðTÞÞjMn.MC
(16)

In eq. (16), the thermal dependence of the viscosity is
essentially due to the friction coefficient and this coef-
ficient also depends on the concentration of chain
ends, the effect of which vanishes with increasing
MW as per the isofriction analysis.3 The temperature
and MW dependence of K0 in eq. (15) are already sug-
gested in different references.16,19 For example, Z/M
relationship with the temperature and MW for the
empirical equation shows the K0 dependence,16,19 as
suggested by eq. (15).

Finally, substituting the fractional free volume
expression from eq. (9) into eq. (13) results in the gen-
eralized expression for melt viscosity:

lnZ ¼ A0 þ a lnMw þ b

fg þ af ðT � Tg1Þ þ 2K
Mn

(17)

It should be noted that although eq. (17) provides a
generalized viscosity equation, it is only limited for
application to linear polymer systems. Nonlinear poly-
mers,42–54 which are also of interest to us, involve a
larger number of chain ends per molecule, which affect
the free volume differently. These effects, as well as the
branch points effects, will be illustrated elsewhere.

RESULTS AND DISCUSSIONS

The development of a unifying approach allows the
simulation and prediction of the viscosity of poly-
meric materials over a wide range of temperature
and MW, including low-MW regions, with a simple
semiempirical equation. Among many possible cases,
the linear polystyrene case, a well-understood sys-
tem for which extensive experimental data are avail-
able, was chosen to be simulated.

Table I presents a summary of all experimental lit-
erature studies used in this article to compare with
the proposed equation. In this data set, most of the
data are for narrow MW distributions (Mw/Mn < 1.1);
hence the polydispersity effects are generally insignif-
icant. Also, It should be noted that some of the low
temperature measurements are for tensile viscosity,
which is equivalent to thrice the shear viscosity.55,61

The experimental measurements in an early study by
Fox and Flory20 do not agree with other measure-
ments4–7,55,56,57 at the same MW and temperature and
were not used here. However, that article includes a
valuable discussion about the viscosity at Tg and its
dependence on MW.20

TABLE I
Summary of the Reference for the Viscosity Measurement

Reference Temperature (8C) Range of molecular weight Technique

Majeste et al.3 160 Mw ¼ 1,100–2,700,000 Zero shear viscosity (oscillatory rheometer)
Onogi4 160 Mw ¼ 5,000–867,000 Zero shear viscosity (cylinder rheometer)
Tobolsky55 100 Mw ¼ 80,000–267,000 Tensile viscosity (3 � shear viscosity)
Allen and Fox5 217 Mv ¼ 540–880,000 Zero shear viscosity (capillary viscometer)
Fox and Flory6,7 217 Mv ¼ 4,900–381,000 Zero shear viscosity (capillary viscometer)
Stratton56 183 Mw ¼ 48,000–242,000 Zero shear viscosity (capillary rheometer)
Akovali57 129 Mw ¼ 82,000–1,320,000 Tensile viscosity (3 � shear viscosity)
Rudd58 227 Mw ¼ 51,400–568,000 Zero shear viscosity (capillary viscometer)
Spencer and Dillon59 200 Mw ¼ 86,000–710,000 Zero shear viscosity (capillary viscometer)
Montfort et al.60 160 Mw ¼ 110,000–2,700,000 Zero shear viscosity (oscillatory rheometer)
Plazek et al.8 70–180 Mv ¼ 1,100–800,000 Zero shear viscosity (cylinder rheometer)
Schweizer9 190 Mw ¼ 2,095–2,700,000

The polydispersity of most of the data is less than 1.1 (Mw/Mn < 1.1).

2600 KIM, TEYMOUR, AND DEBLING

Journal of Applied Polymer Science DOI 10.1002/app



The viscosity of linear polystyrene is simulated
using eq. (17). Some of the parameters for linear
polystyrene can be found in the published litera-
ture1,22,32,33,37,61; these molecular parameters are sum-
marized in Table II. In eq. (17), only A0 is an unknown
parameter to calculate the viscosity at different temper-
atures and MWs. Comparison to eq. (10) shows that A0

can be calculated if the behavior of viscosity at Tg is
known. A0 will generally have two values, one at Mw

<Mc and another atMw>Mc.

Analysis of viscosity at Tg

According to Fox and Flory,20 the viscosity of a poly-
mer depends not only on the mobility of each seg-
ment, but also on an intersegment cooperation factor,
which increases significantly with MW. If the MW is
large, viscosities well above 1012 P at Tg should be
expected.20 Below Tg, although the configurational
structure remains unchanged as the temperature is
lowered, there remains a small linear decrease in vol-
ume with temperature associated with the crystal-like
‘‘contraction of the lattice’’ due to decreased ampli-
tudes of oscillation of the segments about mean fixed
positions.20

However, the MW dependence on the viscosity at
Tg is not explicitly discussed extensively in the litera-
ture. On the contrary, a lot of discussion is based on
the assumption of a constant viscosity at Tg. For
low-MW polymers, the viscosity at Tg was assumed to
be 1012 – 1013 P in several literature studies.33,42,62–64

For biomaterials also it was assumed to be around
1011 – 1012 P.65–67

More direct evidence of the MW dependence
behaviors on the viscosity at Tg is presented by Tobol-
sky et al.,55 who show the tensile viscosity (equivalent
to thrice the shear viscosity) measurements of polysty-
rene at 1008C with the clear dependence of the MW
with a slope of 4.0.55 These data exhibit an experimen-
tal proof of the MW dependence on viscosity at Tg.

Since no definitive relationship for the viscosity of
polystyrene at Tg can be found in the literature, we
decided to extract this information from a small sub-

set of the data available. The viscosity at Tg is back
calculated from eq. (10), the modified WLF equation,
using four sets of literature data (Allen and Fox5

(217 8C), Fox and Flory6,7 (2178C), Rudd58 (2278C),
and Spencer and Dillon59 (2008C)). These data sets
were selected because they represent high tempera-
ture measurements (>2008C) with known values of
Tg, T, and Zo(T).

Figure 1 shows the data from these former studies
along with a best-fit expression obtained by least
squares linear regression. In obtaining this expres-
sion, the value of the critical MW for polystyrene,
Mc, was fixed at 38,000, which will be used for the
remainder of this study. The viscosity of polystyrene
at its Tg is found to be represented by

Z ¼ 4:65� 109 �Mw ðPÞ for Mw , 38; 000 (18)

Z ¼ 4:74� 10�2 �M3:4
w ðPÞ for Mw . 38; 000 (19)

The calculated and literature data agree fairly well
over the entire range of molecular weight. The R2

values for the correlation were R2 ¼ 0.907 and 0.957,
below and above Mc, respectively. The Tg viscosity
at the critical molecular weight, Mc, is calculated
around 1.7378 � 1014 P. Combining eqs. (18) and
(19), the value of A0 is estimated to be –17.8269 for
Mw < Mc and �42.9383 for Mw > Mc.

Obtaining accurate knowledge of the viscosity of
any given polymer at its Tg is usually the greatest
obstacle to the application of the WLF equation.
Now, we have this information for linear polysty-
rene as in eqs. (18) and (19). We can transform all
the data from the literature sets of Table I to the
form required by WLF. A comparison is given in
Figure 2, which shows very good agreement with
data sets excluded from Figure 1. This provides
additional validation of eqs. (18) and (19).

TABLE II
Molecular Parameters for the Polystyrene Case

Parameter Values Reference

Mc 38,000 1,22,32,34,61
fg 0.025 22,32,37
af (10

�4 deg�1) 4.8 22,32,37
2K/af 1.0 � 105 1,33
B 1 22,32,37
Tg1 (8C) 100 1,22,32,37
a (Mw < Mc) 1 22,32,37,61
a (Mw > Mc) 3.4 22,32,37,61

Figure 1 Viscosity of the different molecular weights of
polystyrene at Tg with the different literature data using
high temperature measurements (the plotted data are cal-
culated by WLF equation and viscosity measurements). �,
2178C – Allen and Fox5; ^, 2178C – Fox and Flory6,7 � � �
&, 2278C – Rudd58; ~, 2008C – Spencer and Dillon.59
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Viscosity simulation results

The simulation results for linear polystyrene viscosity
at different MWs and temperatures are compared
with experimental measurements in Figures 3 and 4.
Various sets of data included in these figures were
collected in our laboratory using the RMS-800 (Rheo-
metrics, Inc.). Figure 3 presents the simulation results
for linear polystyrene at 1608C along with all experi-
mental data found for this temperature. It is evident
that, even though the parameters are estimated from
high temperature measurements (>2008C), the unify-
ing equation is capable of predicting the viscosity
behavior at lower temperature (1608C) in both
regions: Mw < Mc and Mw > Mc. Figure 3 clearly

shows the curvature behavior below Mc, which is
characteristic of isothermal measurements. The linear
dependence of viscosity on MW below Mc is only
exhibited when isofree volume conditions are main-
tained, as, for example, in Figure 1 at Tg.

Figure 4 presents the simulated results over a
wide range of temperature and molecular weight as
compared to a considerable corpus of experimental
data. Of noted significance is the fact that the predic-
tion of viscosity in Figure 4 covers a wide range of
MW and temperature with only one estimated pa-
rameter.

The viscosity predicted at low temperatures, ca.
100, 110, and 1298C, and high MW is somewhat higher
than the experimental values. The data at 1008C and
1298C are indirect measurements from tensile viscos-
ity. This could be the reason why some of these meas-
urements deviate from the simulation results at high-
MW and low-temperature regions. However, most of
the high temperature measurements agree with the
calculations remarkably well. Figure 5 illustrates the
temperature effect on the viscosity behavior of the lin-

Figure 3 The Comparison of the calculation by eq. (17)
and experimental measurement from the literatures of lin-
ear polystyrene viscosity behavior versus molecular weight
at 1608C. *, 1608C – Onogi et al.4; ^, 1608C – Majeste
et al.3; &, 1608C – Montfort et al.60; ~, 1608C – Plazek
et al.14

Figure 4 The comparison of the calculation eq. (17) and
experimental measurement from the literature of linear
polystyrene viscosity behavior versus molecular weight
with different temperatures. &, 708C – this work; ^, 708C
– Plazek et al.14; ~, 1008C – this work; �, 1008C – Plazek
et al.14; *, 1008C – Tobolsky55; �, 1108C – Plazek et al.14; �,
1298C – Akovali57; *, 1308C – Plazek et al.14; þ, 1458C –
Plazek et al.14; n, 1508C – this work; ^, 1608C – Onogi
et al.4; ~, 1608C – Plazek et al.14; l, 1608C – Majeste
et al.3; n, 1608C – Montfort et al.60; ^, 1808C – this work;
~, 1808C – Plazek et al.14; l, 1838C – Stratton56; n, 1908C
– Schweizer9; ^, 2008C – Spencer and Dillon59; ~, 2178C –
Allen and Fox5; l, 2178C – Fox and Flory6,7 � � �; þ,
2278C – Rudd.58 [Color figure can be viewed in the online
issue, which is available at www.interscience.wiley.com.]

Figure 2 Results for log (Z/Zg) versus T � Tg of the WLF
equation of polystyrene with the assumption of molecular
weight dependence for the viscosity at Tg. &, this work;
^, Onogi et al.4; ~, Allen and Fox5; �, Fox and Flory6,7

� � �; *, Rudd58; –, Spencer and Dillon59; —, Akovali57; *,
Tobolsky55; þ, Stratton56; n, Montfort et al.60; ~, Plazek
et al.14; ^, Majeste et al.3; l, Schweizer.9
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ear polymer. The experimental data in Figure 5 were
collected from literature and came from the list in Ta-
ble I. Here, the MW is selected specifically in both
regions: 4000 (<Mc) and 46,000 (>Mc). The simulation
results in Figure 5 were calculated using eq. (17) by
fixing the value of MW to these respective values.
Excellent agreement is seen between experimental
and simulated results.

While the approach presented here is demon-
strated to allow the accurate prediction of viscosity
over a wide range of temperature and molecular
weight, the representation of eq. (17) loses the ele-
gance generally associated with viscosity versus MW
plots. Stemming from familiarity with solution vis-
cosity measurements, in which the solution Tg is
minimally affected by MW, researchers have come
to expect figures showing M1

w and M3:4
w dependence

below and above Mc, respectively.
It is now clear that the deviation from this familiar

picture at low MW is rooted in the shape of the de-
pendence of Tg on MW. However, this effect can be
eliminated if the experimental measurement tech-
nique is modified such that measurements are car-
ried out under isofree volume conditions, i.e., a con-
stant (T � Tg), given by eq. (2), rather than isother-
mal conditions. Under such conditions, eq. (17) can
be rewritten as

Z ¼ K0Mw
a (20)

where K0 is given by eA
0þb/f, which is obviously

constant for a constant value of the free volume f. In
Figure 6, two such sets of data were collected by
selection from the data corpus of Table I. For the
first set (T � Tg) is fixed at 608C, while it is set to
1178C for the second set. Molecular weight effects on
Tg have been factored into this selection. The data
compare remarkably well to the calculated viscosity
curves obtained form eq. (20) at the respective T � Tg

values. The resulting correlations are

Z¼ 2:13�Mw ðMw ,McÞ
2:65�10�11�M3:4

w ðMw .McÞ atT�Tg¼60�C

�

and

Z¼ 4:06�104�Mw ðMw ,McÞ
5:04�10�14�M3:4

w ðMw .McÞ at T�Tg ¼ 117�C

�

The effect of (T � Tg) also reflects another class of
universality as can be seen from the rearrangement
of eq. (17) as

ln
Z
Mw

a
¼ A0 þ b

fg þ af ðT � TgÞ (21)

ðiÞ M , Mc: ln
Z
Mw

¼ A0
1 þ

b

fg þ af ðT � TgÞ (22)

ðiiÞ M . Mc: ln
Z

Mw
3:4

¼ A0
2 þ

b

fg þ af ðT � TgÞ (23)

This suggests a universal relation between Z/Ma
w

and T � Tg as plotted in Figure 7, which also shows
remarkable agreement with data.

Analysis of shift factor

Another useful tool that is often used in analyzing
rheology data is the so-called temperature shifting
factor. It is based on the observation that material
functions, including rheological properties, have a
strong correlation with temperature and have similar
temperature dependence curves. This similarity pro-
vides the basis for an important empirical method,

Figure 6 Comparison of the simulated and experimental
data of polystyrene for the iso-free volume conditions (T �
Tg ¼ 60 and 1178C) with the different molecular weights.
n, 1008C – this work; &, 1308C – Plazek et al.14; �, 1508C –
this work; ^, 1608C – Plazek et al.14; ~, 1608C – Montfort
et al.60; *, 1608C – Majeste et al.3; þ, 1608C – Onogi et al.4;

–, 2178C – Fox and Flory6,7 � � �; ~, 2178C – Allen and
Fox.5 [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com.]

Figure 5 Comparison of the melt viscosity versus temper-
ature of polystyrene with the different molecular weight
from the calculation eq. (17) and experimental data.
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known as the ‘‘method of reduced variables,’’ for
combining data taken at several different tempera-
tures into one master curve.61 Because of these char-
acteristics, the study of shifting factor has become an
important aspect of rheological studies. Usually, the
temperature shifting factor is used to obtain a master
curve for the viscosity function at an arbitrary refer-
ence temperature yet at a fixed MW. The tempera-
ture-shifting factor (aT), in terms of viscosity, is
defined as

aT ¼ ZðTÞTrrr
ZðTrÞTr (24)

where Z is zero shear viscosity, and r and rr are the
density at T and Tr respectively. Using this definition
and the WLF equation, we can derive an expression
for aT. Without loss of generality, we can assume
that the ratio (Tr(r)r/T(r)) is unity since it is very
close to that value under most practical conditions.61

ln aT ¼
ð b
fr1
ÞðT � TrÞ

ðfr1af Þ þ ðT � TrÞ
(25)

The temperature-shifting factor of eq. (25) has been
demonstrated to work well for polymers of high

MW. However, as in this case of viscosity measure-
ments studies indicate the limitation of using this
technique when either large differences in MW exist,
or the MWs involved are low enough (e.g., Mw <
Mc).

2,4,22 These limitations are illustrated by the
necessity of using fr1 in eq. (25), where fr1 is the
free volume at the reference temperature, Tr, and a
MW high enough, Mw > Mc. At such MWs, the free
volume dependence on MW becomes negligible.
This is clear from Figure 8, which represents a plot
of fr(Mn), the free volume at a given reference tem-
perature, Tr, versus MW as given by

frðMnÞ ¼ fg þ af ðTr � Tg1Þ þ 2K

Mn
¼ fr1 þ 2K

Mn
(26)

For a more generalized shifting factor, which consid-
ers the shift of the material property from reference
temperature, number–average molecular weight, and
weight–average molecular weight (Tr, Mnr, and Mwr)
to any temperature, number–average molecular
weight, and weight–average molecular weight (T,
Mn, and Mw), the definition of eq. (24) is expanded
and combined with eq. (17) to provide

ln aT;M ¼ ðA0 � A
0
rÞ � ln

Mwr
a

Ma
w

� �

� b

f � fr
af ðT � TrÞ þ 2K

1

Mn
� 1

Mnr

� �� �
(27)

where f is at T and Mn and fr is at Tr and Mnr. A
0

and A0
r are the constants for the case of Mw and Mwr,

which are already evaluated in eq. (17) for the below
and above Mc. Also, depending on Mw and Mwr, a
and ar can be determined as the value of 1 or 3.4 for
below or above Mc, respectively. Obviously, if the
molecular weight distribution is kept constant, i.e.,

Figure 8 Fractional free volume behavior calculation
depending on the molecular weight of polystyrene at 1608C
using eq. (26) with parameters in Table II.

Figure 7 Results for ln(Z/Ma
w versus T � Tg with the cal-

culation eq. (21) and different experimental data of poly-
styrene from literature. (a) Mw < Mc and a ¼ 1; (b) Mw >
Mc and a ¼ 3.4. l, this work, �, Onogi et al.4; *, Allen
and Fox5; ~, Fox and Flory6,7 � � �; ^, Plazek et al.14; &,
Majeste et al.3; ~, Schweizer9; þ, Rudd58; ^, Akovali57; –,
Tobolsky55; *, Stratton

56; —, Montfort et al.60; n, Spencer
and Dillon.59
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Mw ¼ Mwr (and Mn ¼ Mnr), eq. (27) can be reduced
to the simpler form

ln aT ¼ � b

f ðMnr;TÞ � frðMnrÞ ½af ðT � TrÞ� (28)

which can be rewritten, after substituting the expres-
sion of f with Mnr and T, as

ln aT ¼
�

b
fr

�
ðT � TrÞ�

fr
aT

�
þ ðT � TrÞ

(29)

While this equation appears similar to the expression
traditionally used for aT, as in eq. (25), the latter is
only a special case of the general eq. (28). That limit
is attained as Mn is large enough (>Mc) and fr tends
to its limiting value fr1.

These phenomena have been noted by Onogi
et al.,4 who measured the viscosity of polystyrene at
a reference temperature of 1608C and various molec-
ular weights. Their data are compared with eq. (28)
in Figure 9, which clearly demonstrates the effect of
MW on the shifting factor. Figure 9 also shows the
saturation behavior, above Mc, which is represented
by the thick solid curve. This can also be expressed,
using the linearized form, as

T � Tr

log aT
¼ � 2:303fr

b

fr
af

þ ðT � TrÞ
� �

(30)

A clear representation is provided in Figure 10 using
this linearized form, eq. (30), which further confirms
the trends.

On the other hand, eq. (27) allows for a different
type of shifting where temperature is kept constant

and prediction of material properties versus molecu-
lar weight is undertaken. For these conditions,

ln aM ¼ ðA0 � A0
rÞ � ln

Mwr
a

Mw
a

� �

� b� 2K

f ðMn;TrÞ � frðMnÞ
1

Mn
� 1

Mnr

� �
ð31Þ

The case of 1608C is plotted for aM using the differ-
ent values (38,000 (Mc), 1000, 1,000,000) of Mwr (and
Mnr) with eq. (31), in Figure 11. Same sets of data
are used for the different Mwr (and Mnr) calculations.
Note that the calculations and experiments reflect
the same information of the MW dependence with
the different scales as clear from the equations.

Figure 9 Temperature dependence calculations of the
temperature shifting factor (aT) with the different molecu-
lar weights (Mw) of polystyrene. n, Onogi et al.4 – M >
Mc; ~, Onogi et al.4 – 14,800; *, Onogi et al.4 – 8900; l:
this work, Allen and Fox,5 Fox and Flory,6,7 � � � Majeste
et al.,3 and Plazek et al.14 (3400–4000).

Figure 10 Comparison of calculation and experimental
data of the linear plots of –(T – Tr)/log aT versus T – Tr

for the linear polystyrene with different molecular weights
(Mw). n, Onogi et al.4 – M � Mc; ~, Onogi et al.4 – 14,800;
*, Onogi et al.4 – 8900; l: this work, Allen and Fox, et al.5

Fox and Flory,6,7 � � � Majeste et al.,3 and Plazek et al.14

(3400–4000).

Figure 11 Molecular weight dependence of the molecular
weight shifting factor (aM) of polystyrene with the differ-
ent reference molecular weights (Mwr and Mnr) at 1608C.
*, 1608C – Onogi et al.4; ^, 1608C – Majeste et al.3; &,
1608C – Montfort et al60; ~, 1608C – Plazek et al.14
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CONCLUSIONS

The utility of free volume theory to the understand-
ing of the thermal and rheological behaviors of poly-
mers is demonstrated. Understanding and expand-
ing the free volume concept to the different MW and
temperature effects leads to the development of a
semiempirical expression for melt viscosity. This is
based on the generalized-unifying free volume
approach considering several physical effects on the
fractional free volume in linear polymeric materials.
Those equations are developed and compared with
the published literature and experimental data. Even
though the equation is semiempirical, the agreement
between the calculations and experimental data
shows a clear picture of several effects on the physi-
cal behaviors of the linear polymers.

Using this approach, we were able to make the
following conclusions:

1. The viscosity at Tg is a function of MW which
exhibits the expected power dependence of 1
and 3.4, below and above Mc, respectively. A
correction for polystyrene was extracted from a
limited literature data set and presented.

2. Isothermal melt viscosity measurements can be
fully described by a semiempirical universal
equation, but exhibit curvature in the low-MW
regions. Data for polystyrene confirm this effect.

3. Measurements at isofree volume exhibit linear-
ity of viscosity versus MW in low MW ranges
(on a log–log scale).

4. Shifting factors can be derived using the same
approach and are seen to also depend on MW.

The linear polystyrene system was selected in this
study for the large corpus of literature data and ex-
perimental measurements available. However, this
approach is applicable to other polymer systems and
should be tested on a variety of linear polymers in
the future. In a preliminary analysis of other materi-
als, such as polybutadiene and polyisobutylene, we
have found similar types of effects but were limited
by the dearth of usable literature data for these sys-
tems and thus these studies remain inconclusive.
However, this demonstrates the potential for the
expansion of this approach to a scope covering other
polymers, copolymers, and/or polymer blends. Such
analyses would be of great value for the develop-
ment of novel industrial applications such as low
VOC and high solids coating formulations.

The authors thank Prof. Venerus of IIT for valuable discus-
sions and for allowing us access to rheometry equipment.
We also acknowledge the generous support of Johnson
Polymer for this work.

References

1. Eirich, F. R. Rheology: Theory and Applications, – Volumes 1;
Academic Press: New York, 1969.

2. Colby, R. H.; Fetters, L. J.; Graessley, W. W. Macromolecules
1987, 20, 2226.

3. Majeste, J. C.; Montfort, J. P.; Allal, A.; Marin, G. Rheologica
Acta 1998, 37, 486.

4. Onogi, S.; Masuda, T.; Kitagawa, K. Macromolecules 1970, 3,
109.

5. Allen, V. R.; Fox, T. G. J Chem Phys 1964, 41, 337.
6. Fox, T. G.; Flory, P. J. J Polym Sci 1954, 14, 315.
7. Fox, T. G.; Flory, P. J. J Am Chem Soc 1964, 70, 2384.
8. Plazek, D. J.; O’Rourke, V. M. J Polym Sci Part A-2: Polym

Phys 1971, 9, 209.
9. Schweizer, T. Personal Communication, 2003.
10. Blank, W. J. Presented at the 28th IInternational Waterborne,

High-Solids and Powder Coatings Symposium; The University
of Southern Mississippi, New Orleans, LA, February 21–23,
2001.

11. Slinckx, M.; Henry, N.; Krebs, A.; Uytterhoeven, G. Prog in Or-
ganic Coatings 2000, 38, 163.

12. Ngai, K. L.; Plazek, D. J.; Bero, C. A. Macromolecules 1993, 26,
1065.

13. Plazek, D. J.; Ngai, K. L. Macromolecules 1991, 24, 1222.
14. Plazek, D. J.; Zheng, X. D.; Ngai, K. L. Macromolecules 1992,

25, 4920.
15. Fetters, L. J.; Graessley, W. W.; Kiss, A. D. Macromolecules

1991, 24, 3136.
16. Ajroldi, G.; Marchionni, G.; Pezzin, G. Polymer 1999, 40, 4163.
17. Byutner, O.; Smith, G. D. J Polym Sci: Part B: Polym Phys

2001, 39, 3067.
18. Yamamoto, T.; Furukawa, H. J Appl Polym Sci 2001, 80, 1609.
19. Tieghi, G.; Levi, M.; Imperial, R. Polymer 1998, 39, 1015.
20. Fox, T. G.; Flory, P. J. J Appl Phys 1950, 21, 581.
21. Lin, Y. H. Macromolecules 1990, 23, 5292.
22. Ferry, J. D. Viscoelastic Properties of Polymers; John Wiley: &

Sons Inc.: New York, 1980.
23. Turnbull, D.; Cohen, M. H. J Chem Phys 1961, 34, 120.
24. Cohen, M. H.; Grest, G. S. Physical Review B 1979, 20, 1077,

1979.
25. Cohen, M. H. J Chem Phys 1959, 31, 1164.
26. Dlubek, G.; Saarinen, K.; Fretwell, H. M. J Polym Sci: Part B:

Polym Phys 1988, 36, 1513.
27. Dlubek, G.; Bamford, D.; Henschke, O.; Knorr, J.; Alam, M. A.;
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